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GALOIS REALIZABILITY OF GROUPS OF ORDERS p5 AND p6
IVO M. MICHAILOV
Abstract. Let p be an odd prime, and let k be an arbitrary field of characteristic not
p. In this article we determine the obstructions for the realizability as Galois groups over
k of all groups of orders p5 and p6, that have an abelian quotient obtained by factoring
out central subgroups of order p or p2. These obstructions are decomposed as products of
p-cyclic algebras, provided that k contains certain roots of unity.
1. Introduction
Let p be an odd prime, and let k be an arbitrary field of characteristic not p. In this article
we investigate the realizability of a number of groups of orders p5 and p6 as Galois groups
over k, provided that k contains certain roots of unity. Recall that given a group G, the
inverse problem of Galois theory asks whether or not there exists a Galois field extension K
of k such that the Galois group Gal(K/k) is isomorphic to G.
In recent years, extensive research has been done relating to the description of necessary
and sufficient conditions for the realizability of small p-groups, especially for p = 2. These
conditions are often expressed as the splitting of certain elements in the Brauer group Br(k),
called obstructions. The most important part in the investigations is decomposing the ob-
structions as cyclic algebras (or, quaternion algebras for p = 2).
Ledet [Le1] found the decompositions of the obstructions as quaternion algebras of all
non abelian groups of order 2n for n ≤ 4. The obstructions for the realizability of groups
of orders 32 and 64 are calculated in a number of papers e.g. [Mi1, GS1, GS2, Mi4, GS3].
Massy [Ma] investigated the realizability of the two non abelian groups of order p3. Michailov
[Mi3] determined the obstructions to the realizability of four non abelian groups of order p4.
An extensive survey of the realizability of p-groups has been done recently by Michailov and
Ziapkov [MZ2].
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The present paper is focused on the obstructions for the realizability of all groups of orders
p5 and p6 that have an abelian quotient obtained by factoring out central subgroups of order
p or p2. In order to achieve this goal, we develop several theoretic criteria given in Section
2. In Section 3 we list the groups that fulfill our condition. We use the classification of the
groups of orders p5 and p6 made by James [Ja]. In Section 4 we determine the obstructions
for the realizability of 18 + (p− 1) groups of order p5 and more than 71 + 4(p− 1) groups of
order p6, and write them in six tables.
2. Cohomological criteria
Let k be an arbitrary field and let G be a non simple group. Assume that A is a normal
subgroup of G. Then the realizability of the quotient group F = G/A as a Galois group
over k is a necessary condition for the realizability of G over k. In this way arises the next
generalization of the inverse problem in Galois theory – the embedding problem of fields.
Let K/k be a Galois extension with Galois group F , and let
(2.1) 1 −→ A −→ G α−→ F −→ 1,
be a group extension, i.e., a short exact sequence. Solving the embedding problem related to
K/k and (2.1) consists of determining whether or not there exists a Galois algebra (called
also a weak solution) or a Galois extension (called a proper solution) L, such that K is
contained in L, G is isomorphic to Gal(L/k), and the homomorphism of restriction to K
of the automorphisms from G coincides with α. We denote the so formulated embedding
problem by (K/k,G,A). We call the group A the kernel of the embedding problem.
Now, let k be an arbitrary field of characteristic not p, containing a primitive pnth root
of unity ζpn for n ∈ N, and put µpn = 〈ζpn〉. Let K be a Galois extension of k with Galois
group F . Consider a non split group extension
(2.2) 1 −→ 〈ε〉 −→ G −→ F −→ 1,
where ε is a central element of order pn in G. We are going to identify the groups 〈ε〉 and
µpn , since they are isomorphic as F -modules.
Assume that c ∈ H2(F, µpn) is the 2-coclass corresponding to the group extension (2.2) and
denote by Ωk the Galois group of the algebraic separable closure k¯ over k. The obstruction
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to the embedding problem (K/k,G, µpn ) we call the image of c under the inflation map
infΩkF : H
2(F, µpn)→ H2(Ωk, µpn).
Note that we have the standard isomorphism of H2(Ωk, µpn) with the p
n-torsion in the
Brauer group of k induced by applying H∗(Ωk, ·) to the pn-th power exact sequence of Ωk-
modules 1 −→ µpn −→ k¯× −→ k¯× −→ 1. In this way, the obstruction equals the equivalence
class of the crossed product algebra (F,K/k, c¯) for any c¯ ∈ c. Hence we may identify the
obstruction with a Brauer class in Brpn(k).
Note that we have an injection µpn →֒ K×, which induces a homomorphism ν : H2(F, µpn)→
H2(F,K×). Then the obstruction is equal to ν(c), since there is an isomorphism between the
relative Brauer group Br(K/k) and the group H2(F,K×).
More generally, the following result holds.
Theorem 2.1. ([Ki, MZ1],) Let n ≥ 1, and let c be the 2-coclass in H2(F, µpn), corresponding
to the non split central group extension (2.2). Then the embedding problem (K/k,G, µpn ) is
weakly solvable if and only if ν(c) = 1. If n = 1 or µpn is contained in the Frattini subgroup
Φ(G) of G (for n > 1), then the condition ν(c) = 1 is sufficient also for the proper solvability
of the problem (K/k,G, µpn) (see [ILF, §1.6, Cor. 5]).
Henceforth, embedding problems of the kind (K/k,G, µpn) we will call µpn-embedding
problems. We are going to consider first the case n = 1.
From the well-known Merkurjev-Suslin Theorem [MeS] it follows that the obstruction to
any µp-embedding problem is equal to a product of classes of p-cyclic algebras. The explicit
computation of these p-cyclic algebras, however, is not a trivial task. We are going to discuss
the methods for achieving this goal.
We denote by (a, b; ζ) the equivalence class of the p-cyclic algebra which is generated by
i1 and i2, such that i
p
1 = b, i
p
2 = a and i1i2 = ζi2i1. For p = 2 we have the quaternion class
(a, b;−1), commonly denoted by (a, b).
In 1987 Massy [Ma] obtained a formula for the decomposition of the obstruction in the
case when F = Gal(K/k) is isomorphic to (Cp)
n, the elementary abelian p-group.
Theorem 2.2. ([Ma, The´ore`me 2],[Le2, Cor. 6.1.6]) Let K/k = k( p
√
a1, p
√
a2, . . . , p
√
an)/k be
a (Cp)
n extension, and let σ1, σ2, . . . , σn ∈ Gal(K/k) be given by σi( p√aj)/ p√aj = ζδij (δij is
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the Kronecker delta). Let
1 −→ µp −→ G −→ Gal(K/k) −→ 1
be a non split central extension, and choose pre-images s1, s2, . . . , sn ∈ G of σ1, σ2, . . . , σn.
Define di(1 ≤ i ≤ n) by spi = ζdi , and dij(i < j) by sisj = ζdijsjsi. Then the obstruction to
the proper solvability of the embedding problem (K/k,G, µp) is
n∏
i=1
(ai, ζ; ζ)
di
∏
i<j
(aj , ai; ζ)
dij .
Michailov [Mi2, Mi3] obtained a formula for the decomposition of the obstruction in the
case when the quotient F has a direct factor Cp.
Let H be a p-group and let
(2.3) 1 −→ µp −→ G π−→ F ∼= H × Cp −→ 1
be a non split central group extension with characteristic 2-coclass γ ∈ H2(H × Cp, Cp). By
resHγ we denote the 2-coclass of the group extension
1 −→ µp −→ π−1(H) π−→ H −→ 1.
Let σ1, σ2, . . . , σm be a minimal generating set for the maximal elementary abelian quotient
group of H; and let τ be the generator of the direct factor Cp. Finally, let s1, s2, . . . , sm, t ∈
G be the pre-images of σ1, σ2, . . . , σm, τ , such that t
p = ζj and tsi = ζ
disit, where i ∈
{1, 2, . . . ,m}; j, di ∈ {0, 1, . . . , p− 1}.
Theorem 2.3. ([Mi2, Theorem 4.1],[Mi3, Theorem 2.1]) Let K/k be a Galois extension with
Galois group H and let L/k = K( p
√
b)/k be a Galois extension with Galois group H × Cp
(b ∈ k× \ k×p). Choose a1, a2, . . . , am ∈ k×, such that σk p√ai = ζδik p√ai (δik is the Kronecker
delta). Then the obstruction to the proper solvability of the embedding problem (L/k,G, µp)
is
[K,H, resHγ]
(
b, ζj
m∏
i=1
adii ; ζ
)
.
Ledet describes in his book [Le2] a more general formula for the decomposition of the
obstruction of µp-embedding problems with finite group F isomorphic to a direct product of
two groups.
GALOIS REALIZABILITY OF GROUPS OF ORDERS p5 AND p6 5
Let G be arbitrary finite group, and let p be a prime divisor of ord(G). Define Op(G) as
the subgroup of G generated by all elements of order prime to p. It is clear that Op(G) is
the intersection of all normal subgroups in G of p-power index.
Theorem 2.4. ([Le2, Theorem 6.1.4] Let L/k be a N × H extension, where N and H are
finite groups. Let
1 −→ µp −→ G −→ N ×H −→ 1
be a non split central group extension with cohomology class γ ∈ H2(N × H,µp). Let
K ′/k and K/k be the subextensions corresponding to the factors N and H. (I.e., K ′ =
LH ,K = LN .) Let σ1, σ2, . . . , σm and τ1, τ2, . . . , τn represent minimal generating sets for
the groups N/Op(N) and H/Op(H), and choose a1, a2, . . . , am, b1, . . . bn ∈ k×, such that
p
√
ai ∈ K×, p
√
bi ∈ K ′×, σκ p√ai = ζδiκ p√ai and τℓ p
√
bi = ζ
δiℓ p
√
bi (δ is the Kronecker delta).
Finally, let s1, . . . , sm; t1, . . . , tn ∈ G be the pre-images of σ1, . . . , σm; τ1, . . . , τn, and let
dij ∈ {0, . . . , p− 1} be given by tjsi = ζdijsitj .
Then the obstruction to the proper solvability of the embedding problem (L/k,G, µp) given
by γ is
[K,N, resNγ] · [K ′,H, resHγ] ·
∏
i,j
(bj , ai; ζ)
dij .
Now, we will prove our first main result that will allow us to decompose the obstruction
when the quotient is an arbitrary abelian p-group.
Theorem 2.5. Let L/k be an H ∼=∏ti=1Cpni extension for some natural numbers n1 ≤ n2 ≤
· · · ≤ nt. Let
1 −→ µp −→ G −→ H ∼=
t∏
i=1
Cpni −→ 1
be a non split central group extension with cohomology class γ ∈ H2(H,µp). Let Ki/k be the
subextension corresponding to the factor Cpni for i = 1, . . . , t. (I.e., Ki is the fixed subfield
of
∏
j 6=iCpnj .) Let σi be the generator of Cpni for i = 1, . . . , t, and choose ai ∈ k×, such that
p
√
ai ∈ K×i and σj p
√
ai = ζ
δij p
√
ai (δ is the Kronecker delta). Let s1, . . . , st be the pre-images
of σ1, . . . , σt, let dij ∈ {0, . . . , p − 1} be given by sisj = ζdjisjsi, and let sp
ni
i = ζ
mi for
i = 1, . . . , t;mi ∈ {0, . . . , p − 1}.
Finally, define r = max{i : mi > 0}, n = nr, A = {i : ni = n,mi > 0}, and assume that k
contains ζpn, a primitive p
n-th root of unity. Then the obstruction to the proper solvability
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of the embedding problem (L/k,G, µp) given by γ is∏
i∈A
(ai, ζ
mi
pn ; ζ) ·
∏
i<j
(aj , ai; ζ)
dij .
Proof. From Theorem 2.4 by induction we obtain that the obstruction to the proper solvability
of the embedding problem (L/k,G, µp) given by γ is
t∏
i=1
[Ki, Cpni , resCpni γ] ·
∏
i<j
(aj , ai; ζ)
dij .
Consider the cyclic algebra [Kr, σr, ζ
mr ]. It is generated by the fieldKr such that [Kr : k] = p
n
and an element sr such that s
pn
r = ζmr . Denote by kr/k = k( p
√
ar)/k the subextension
that is contained in Kr/k, and consider the cyclic subalgebra [kr, σr|kr , ζmrpn ] of [Kr, σr, ζmr ],
where σpr |kr = ζmrpn . Then, according to [Pi, Corollary 15.1b], we have [Kr, σr, ζmr ] =
[Kr, σr, ζ
mrpn/p
pn ] = [kr, σr|kr , ζmrpn ] = (ar, ζmrpn ; ζ) ∈ Br(k). Note that this fact is a varia-
tion of the well known Albert’s Theorem [Al, Theorem 11, p. 207], namely that [Kr, σr, ζ
mr ]
is split if and only if ζmrpn ∈ Nkr/k(k×r ), where by Nkr/k we denote the norm map.
Now, let i be an arbitrary integer such that ni < n,mi > 0, and put m = ni. As we have
just shown, [Ki, σi, ζ
mi ] = (ai, ζ
mi
pm ; ζ). Since ζpm = ζ
pn−m
pn for n − m ≥ 1, we obtain that
(ai, ζ
mi
pm ; ζ) = 1 ∈ Br(k). In this way, we obtain the formula given in the statement. 
With the aid of the latter result we will determine in Section 4 the obstructions to the
realizability of all 9 groups of order p5 and all 15 groups of order p6 that have an abelian
quotient group, and that are not a direct product of smaller groups.
We extend this method to one applying to an additional 9+ (p− 1) groups of order p5 and
more than 53 + 4(p − 1) ∗ groups of order p6 with the following property: there exist two
disjoint central subgroups N1 and N2 of order p, such that the quotient group obtained by
factoring out N1N2 is abelian. Any group that has two disjoint central subgroups N1 and N2
is a pullback. Pullbacks of orders 16, 32 and 64 are considered in [Le1, Mi1, GS3].
Namely, let ϕ′ : G′ → F and ϕ′′ : G′′ → F be homomorphisms with kernels N ′ and,
respectively, N ′′. The pullback of the pair of homomorphisms ϕ′ and ϕ′′ is the subgroup in
G′ ×G′′ of all pairs (σ′, σ′′), such that ϕ′(σ′) = ϕ′′(σ′′). The pullback is denoted by G′ upriseG′′.
It is also called the direct product of the groups G′ and G′′ with amalgamated quotient group
F and denoted by G′ ∗F G′′.
∗The actual number of the groups Φ15(2211)br,s seems difficult to calculate, since the values of s depend
in a complicated way on the values of r. That is why we counted only the values of r.
GALOIS REALIZABILITY OF GROUPS OF ORDERS p5 AND p6 7
Now, let N1 = N
′ × {1} and N2 = {1} × N ′′. Then N1 and N2 are normal subgroups of
G′ upriseG′′, such that N1 ∩N2 = {1}. The converse is also true (see [ILF], I, §12):
Lemma 2.6. Let N1 and N2 be two normal subgroups of the group G, such that N1∩N2 = {1}.
Then G is isomorphic to the pullback (G/N1)uprise (G/N2).
The application to embedding problems is given by:
Theorem 2.7. ([ILF, Theorem 1.12]) Let K/k be a Galois extension with Galois group F . In
the notations of the lemma, let F ∼= G/N1N2 and G ∼= (G/N1)uprise(G/N2). Then the embedding
problem (K/k,G,N1N2) is solvable if and only if the embedding problems (K/k,G/N1 , N2)
and (K/k,G/N2, N1) are solvable.
Next, we are going to prove a result for certain µpn-embedding problems for an arbitrary
n ∈ N. We will find a decomposition of the obstruction as a product of pn-cyclic algebras.
These algebras are similar to the p-cyclic algebras, mentioned earlier in this Section. Namely,
we denote by (a, b; ζpn) the equivalence class of the cyclic algebra which is generated by i1
and i2, such that i
pn
1 = b, i
pn
2 = a and i1i2 = ζpni2i1. Of course, we assume again that k
contains ζpn , a primitive p
n-th root of unity. For more details about these algebras we refer
the reader to [Pi, §15].
Theorem 2.8. Let k contain a primitive pn-th root of unity ζpn, and let L/k = k( p
n√a1, . . . ,
pn
√
am)/k be an arbitrary (Cpn)
m extension for some m,n ∈ N. Let
1 −→ µpn −→ G −→ (Cpn)m −→ 1
be a non split central group extension, let σ1, σ2, . . . , σm be the generators of (Cpn)
m, and
let s1, s2, . . . , sm ∈ G be their pre-images such that sp
n
i = ζ
ji
pn and sjsi = ζ
dij
pn sisj, where
i ∈ {1, 2, . . . ,m}; ji, dij ∈ {0, 1, . . . , pn−1} and i < j. Assume that σj pn√ai = ζδijpn pn
√
ai (δij is
the Kronecker delta). Then the obstruction to the weak solvability of the embedding problem
(L/k,G, µpn) is
m∏
i=1
(ai, ζ
ji
pn ; ζpn) ·
∏
i<j
(aj, ai; ζpn)
dij .
Proof. Let A = (L, (Cpn)m, ζpn) be the crossed product algebra related to the embedding
problem (L/k,G, µpn). Denote H = 〈σ1, . . . , σm−1〉 ∼= (Cpn)m−1 and K/k = k( pn√a1, . . . ,
pn
√
am−1)/k. The crossed product algebra B = (K,H, ζpn) is included in A, therefore A is a
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tensor product of B and the centralizer of B in A : A = B⊗kCA(B). Now, consider the subal-
gebra C = k[ pn√am,
(∏m−1
i=1
pn
√
ai
dim
)
sm] in A. Since s
pn
m = ζ
jm
pn , sm
pn
√
am = ζpn p
n√amsm, and
sm commutes with
∏m−1
i=1
pn
√
ai
dim , we have the isomorphism C ∼= (am, ζjmpn
∏m−1
i=1 a
dim
i ; ζpn).
Next, we will show that C is in fact the centralizer CA(B). Indeed, for 1 ≤ κ ≤ m− 1 we
have
sκ
(
m−1∏
i=1
pn
√
ai
dim
)
sm =
(
m−1∏
i=1
ζδiκdimpn
pn
√
ai
dim
)
sκsm =
(
m−1∏
i=1
ζδiκdimpn
pn
√
ai
dim
)
ζ−dκmpn smsκ
= ζ−dκmpn
m−1∏
i=1
ζδiκdimpn
(
m−1∏
i=1
pn
√
ai
dim
)
smsκ =
(
m−1∏
i=1
pn
√
ai
dim
)
smsκ,
since
∑m
i=1 δiκdim = dκm. Therefore, [A] = [B](am, ζjmpn
∏m−1
i=1 a
dim
i ; ζpn), and the theorem
follows by induction. 
With the aid of the latter Theorem we will find in Section 4 the obstructions to 3 groups
of order p6 that can not be treated with the previous criteria.
3. The groups
In this Section we give a list of groups of orders p5 and p6 that will be investigated for
realizability in Section 4. We use the classification made by R. James [Ja]. The groups
in James’ list are collected in a number of so called isoclinism families. Two groups G,H
with centers Z(G), Z(H) and derived groups G′,H ′ are said to be isoclinic if there exist
isomorphisms θ : G/Z(G) → H/Z(H) and φ : G′ → H ′ such that φ([α, β]) = [α′, β′] for
all α, β ∈ G, where α′Z(H) = θ(αZ(G)) and β′(Z(H)) = θ(βZ(G)). This relation is well
defined and is in fact an equivalence relation. The equivalence classes are called isoclinism
families. A family of p-groups will be denoted by Φs where p is an arbitrary prime and s is
an integer.
Standing notations. [α, β] = α−1β−1αβ. For economy of space, all relations of the form
[α, β] = 1 (with α, β generators) have been omitted from the list and should be assumed
when reading the list. Throughout, ν denotes the smallest positive integer which is a non-
quadratic residue (mod p) and g denotes the smallest positive integer which is a primitive
root (mod p).
By studying the list given in [Ja], we conclude that the groups of order p5 having an abelian
quotient (obtained by factoring out a central cyclic group of order p) are precisely those from
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families (2) and (5) listed below. Of course, we will omit from our lists the groups of the kind
G ×H, since the realizability of these groups depends only on the realizability of the direct
factors G and H.
(2)
Φ2(41) =〈α,α1, α2 : [α1, α] = αp3 = α2, αp1 = αp2 = 1〉,
Φ2(32)a1 =〈α,α1, α2 : [α1, α] = αp2 = α2, αp
2
1 = α
p
2 = 1〉,
Φ2(32)a2 =〈α,α1, α2 : [α1, α] = αp1 = α2, αp
3
= αp2 = 1〉,
Φ2(311)b =〈α,α1, α2, γ : [α1, α] = γp2 = α2, αp = αp1 = αp2 = 1〉,
Φ2(311)c =〈α,α1, α2 : [α1, α] = α2, αp3 = αp1 = αp2 = 1〉,
Φ2(221)c =〈α,α1, α2, γ : [α1, α] = γp = α2, αp2 = αp1 = αp2 = 1〉,
Φ2(221)d =〈α,α1, α2 : [α1, α] = α2, αp2 = αp
2
1 = α
p
2 = 1〉;
(5)
Φ5(2111) =〈α1, α2, α3, α4, β : [α1, α2] = [α3, α4] = αp1 = β, αp2 = αp3 = αp4 = βp = 1〉,
Φ5(1
5) =〈α1, α2, α3, α4, β : [α1, α2] = [α3, α4] = β, αp1 = αp2 = αp3 = αp4 = βp = 1〉.
Next, one can see that the pullbacks of order p5 with an abelian quotient† are precisely
those from family (4).
(4)
Φ4(221)a =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp = β2, αp1 = β1, αp2 = βpi = 1 (i = 1, 2)〉,
Φ4(221)b =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp = β2, αp2 = β1, αp1 = βpi = 1 (i = 1, 2)〉,
Φ4(221)c =〈α,α1, α2, β1, β2 : [αi, α] = βi = αpi , αp = βpi = 1 (i = 1, 2)〉,
Φ4(221)dr =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = βκ1 , αp2 = β2, αp = βpi = 1 (i = 1, 2)〉,
where κ = gr for r = 1, 2, . . . ,
1
2
(p− 1),
Φ4(221)e =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = β−1/42 , αp2 = β1β2, αp = βpi = 1 (i = 1, 2)〉,
Φ4(221)f0 =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = β2, αp2 = βν1 , αp = βpi = 1 (i = 1, 2)〉,
Φ4(221)fr =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = βκ2 , αp2 = β1β2, αp = βpi = 1 (i = 1, 2)〉,
where 4κ = g2r+1 for r = 1, 2, . . . ,
1
2
(p− 1),
†I.e., having two disjoint central subgroups N1 and N2 of order p, such that the quotient group obtained
by factoring out N1N2 is abelian.
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Φ4(2111)a =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp = β2, αpi = βpi = 1 (i = 1, 2)〉,
Φ4(2111)b =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = β1, αp = αp2 = βpi = 1 (i = 1, 2)〉,
Φ4(2111)c =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp2 = β1, αp = αp1 = βpi = 1 (i = 1, 2)〉,
Φ4(1
5) =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp = αpi = βpi = 1 (i = 1, 2)〉.
Similarly, the groups of order p6 having an abelian quotient (obtained by factoring out a
central cyclic group of order p) are precisely those from families (2) and (5).
(2)
Φ2(51) =〈α,α1, α2 : [α1, α] = αp4 = α2, αp1 = αp2 = 1〉,
Φ2(42)a1 =〈α,α1, α2 : [α1, α] = αp3 = α2, αp
2
1 = α
p
2 = 1〉,
Φ2(42)a2 =〈α,α1, α2 : [α1, α] = αp1 = α2, αp
4
= αp2 = 1〉,
Φ2(411)b =〈α,α1, α2, γ : [α1, α] = γp3 = α2, αp = αp1 = αp2 = 1〉,
Φ2(411)c =〈α,α1, α2 : [α1, α] = α2, αp4 = αp1 = αp2 = 1〉,
Φ2(33) =〈α,α1, α2 : [α1, α] = α2 = αp2 , αp
3
1 = α
p
2 = 1〉,
Φ2(321)c =〈α,α1, α2, γ : [α1, α] = γp = α2, αp3 = αp1 = αp2 = 1〉,
Φ2(321)d =〈α,α1, α2, γ : [α1, α] = α2 = γp2 , αp2 = αp1 = αp2 = 1〉,
Φ2(321)f =〈α,α1, α2 : [α1, α] = α2, αp3 = αp
2
1 = α
p
2 = 1〉,
Φ2(222)b =〈α,α1, α2, γ : [α1, α] = α2 = γp, αp2 = αp
2
1 = α
p
2 = 1〉;
(5)
Φ5(3111) =〈α1, α2, α3, α4, β : [α1, α2] = [α3, α4] = αp
2
1 = β, α
p
2 = α
p
3 = α
p
4 = β
p = 1〉,
Φ5(2211)a =〈α1, α2, α3, α4, β : [α1, α2] = [α3, α4] = αp2 = β, αp
2
1 = α
p
3 = α
p
4 = β
p = 1〉,
Φ5(2211)b =〈α1, α2, α3, α4, β : [α1, α2] = [α3, α4] = αp3 = β, αp
2
1 = α
p
2 = α
p
4 = β
p = 1〉,
Φ5(21
4)b =〈α1, α2, α3, α4, β, γ : [α1, α2] = [α3, α4] = γp = β, αpi = βp = 1 (i = 1, 2, 3, 4)〉,
Φ5(21
4)c =〈α1, α2, α3, α4, β : [α1, α2] = [α3, α4] = β, αp
2
1 = α
p
2 = α
p
3 = α
p
4 = β
p = 1〉.
The pullbacks of order p6 with an abelian quotient are precisely those from families
(4), (12), (13) and (15).
(4)
Φ4(321)a =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp2 = β1, αp2 = β2, αp1 = βpi = 1 (i = 1, 2)〉,
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Φ4(321)b =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp2 = β1, αp1 = β2, αp2 = βpi = 1 (i = 1, 2)〉,
Φ4(321)c =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp = β2, αp
2
2 = β1, α
p
1 = β
p
i = 1 (i = 1, 2)〉,
Φ4(321)d =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp = β2, αp
2
1 = β1, α
p
2 = β
p
i = 1 (i = 1, 2)〉,
Φ4(321)er =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp
2
1 = β1, α
p
2 = β
r
2 , α
p = βpi = 1 (i = 1, 2)〉
for r = 1, 2, . . . , p− 1,
Φ4(321)fr =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = βr2 , αp
2
2 = β1, α
p = βpi = 1 (i = 1, 2)〉
for r = 1 or ν,
Φ4(3111)a =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp2 = β1, αpi = βpi = 1 (i = 1, 2)〉,
Φ4(3111)b =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp
2
1 = β1, α
p = αp2 = β
p
i = 1 (i = 1, 2)〉,
Φ4(3111)c =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp
2
2 = β1, α
p = αp1 = β
p
i = 1 (i = 1, 2)〉,
Φ4(222)a =〈α,α1, α2, β1, β2 : [αi, α] = βi = αpi , αp
2
= βpi = 1 (i = 1, 2)〉,
Φ4(222)br =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = βκ1 , αp2 = β2, αp
2
= βpi = 1 (i = 1, 2)〉,
where κ = gr for r = 1, 2, . . . ,
1
2
(p− 1),
Φ4(222)c =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp = β1, αp2 = β2, αp
2
1 = β
p
i = 1 (i = 1, 2)〉,
Φ4(222)d1 =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = β−1/42 , αp2 = β1β2, αp
2
= βpi = 1 (i = 1, 2)〉,
Φ4(222)d2 =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp = β2, αp2 = β1, αp
2
1 = β
p
i = 1 (i = 1, 2)〉,
Φ4(222)e0 =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = β2, αp2 = βν1 , αp
2
= βpi = 1 (i = 1, 2)〉,
Φ4(222)er =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = βκ2 , αp2 = β1β2, αp
2
= βpi = 1 (i = 1, 2)〉,
where 4κ = g2r+1 − 1 for r = 1, 2, . . . , 1
2
(p − 1),
Φ4(2211)g =〈α,α1, α2, β1, β2, γ : [αi, α] = βi, γp = β2, αp = β1, αpi = βpi = 1 (i = 1, 2)〉,
Φ4(2211)h =〈α,α1, α2, β1, β2, γ : [αi, α] = βi, γp = β2, αp1 = β1, αp = αp2 = βpi = 1 (i = 1, 2)〉,
Φ4(2211)i =〈α,α1, α2, β1, β2, γ : [αi, α] = βi, γp = β2, αp2 = β1, αp = αp1 = βpi = 1 (i = 1, 2)〉,
Φ4(2211)j1 =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp1 = β1, αp
2
= αp2 = β
p
i = 1 (i = 1, 2)〉,
Φ4(2211)j2 =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp = β1, αp
2
1 = α
p
2 = β
p
i = 1 (i = 1, 2)〉,
Φ4(2211)k =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp = β2, αp
2
1 = α
p
2 = β
p
i = 1 (i = 1, 2)〉,
Φ4(2211)l =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp2 = β1, αp
2
= αp1 = β
p
i = 1 (i = 1, 2)〉,
Φ4(2211)m =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp2 = β2, αp
2
1 = α
p = βpi = 1 (i = 1, 2)〉,
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Φ4(2211)n =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp2 = β1, αp
2
1 = α
p = βpi = 1 (i = 1, 2)〉,
Φ4(21
4)d =〈α,α1, α2, β1, β2, γ : [αi, α] = βi, γp = β1, αp = αpi = βpi = 1 (i = 1, 2)〉,
Φ4(21
4)e =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp2 = αpi = βpi = 1 (i = 1, 2)〉,
Φ4(21
4)f =〈α,α1, α2, β1, β2 : [αi, α] = βi, αp
2
1 = α
p
2 = α
p = βpi = 1 (i = 1, 2)〉;
(12)
Φ12(2211)a =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = γ1, βp1 = γ2, αp2 = βp2 = γpi = 1 (i = 1, 2)〉,
Φ12(2211)c =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = γ1γ2, αp2 = γ2, βpi = γpi = 1 (i = 1, 2)〉,
Φ12(2211)d =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = γ2, αp2 = γ1, βpi = γpi = 1 (i = 1, 2)〉,
Φ12(2211)e =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = γ1γ2, αp2 = γ1, βpi = γpi = 1 (i = 1, 2)〉,
Φ12(2211)f =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = αp2 = γ1, βp1 = γ2, βp2 = γpi = 1 (i = 1, 2)〉,
Φ12(2211)g =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = γ1, αp2 = βp1 = γ2, βp2 = γpi = 1 (i = 1, 2)〉,
Φ12(2211)h =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = βp2 = γ1, αp2 = βp1 = γ2, γpi = 1 (i = 1, 2)〉,
Φ12(2211)i =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = γ1, αp2 = γ1γ2, βp1 = γ2, βp2 = γpi = 1
(i = 1, 2)〉,
Φ12(21
4)b =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = γ1γ2, αp2 = βpi = γpi = 1 (i = 1, 2)〉,
Φ12(21
4)c =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = γ2, αp2 = βpi = γpi = 1 (i = 1, 2)〉,
Φ12(21
4)d =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = αp2 = γ1, βpi = γpi = 1 (i = 1, 2)〉,
Φ12(21
4)e =〈α1, α2, β1, β2, γ1, γ2 : [αi, βi] = γi, αp1 = αp2 = γ1γ2, βpi = γpi = 1 (i = 1, 2)〉;
(13)
Φ13(2211)a =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4] = αp2 = β2, αp1 = β1,
αp3 = α
p
4 = β
p
i = 1 (i = 1, 2)〉,
Φ13(2211)b =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4] = αp3 = β2, αp1 = β1,
αp2 = α
p
4 = β
p
i = 1 (i = 1, 2)〉,
Φ13(2211)cr =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4]r = αp2 = βr2 , αp3 = β1,
αp1 = α
p
4 = β
p
i = 1 (i = 1, 2)〉 for r = 1 or ν,
Φ13(2211)d =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4] = αp1 = β2, αp3 = β1,
αp2 = α
p
4 = β
p
i = 1 (i = 1, 2)〉,
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Φ13(2211)er =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4]r = αp4 = βr2 , αp1 = β1,
αp2 = α
p
3 = β
p
i = 1 (i = 1, 2)〉 for r = 1, . . . , p − 1,
Φ13(2211)f =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4] = αp4 = β2, αp3 = β1,
αp1 = α
p
2 = β
p
i = 1 (i = 1, 2)〉,
Φ13(21
4)a =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4] = β2, αp1 = β1,
αpi+1 = α
p
4 = β
p
i = 1 (i = 1, 2)〉,
Φ13(21
4)b =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4] = αp1 = β2,
αpi+1 = α
p
4 = β
p
i = 1 (i = 1, 2)〉,
Φ13(21
4)c =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4] = αp3 = β2,
αpi = α
p
4 = β
p
i = 1 (i = 1, 2)〉,
Φ13(21
4)d =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4] = β2, αp3 = β1,
αpi = α
p
4 = β
p
i = 1 (i = 1, 2)〉,
Φ13(1
6) =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α2, α4] = β2,
αpi = α
p
3 = α
p
4 = β
p
i = 1 (i = 1, 2)〉;
(15)
Φ15(2211)a =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α3, α4] = αp1 = β1, [α2, α4] = αgp2 = βg2 ,
αp3 = α
p
4 = β
p
i = 1 (i = 1, 2)〉,
Φ15(2211)br,s =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α3, α4] = β1, [α2, α4]κ = αgp2 = βgκ2 ,
αp1 = β1β
r
2 , α
p
3 = α
p
4 = β
p
i = 1 (i = 1, 2)〉, where κ = g[1/(2n)]+s and
gn = g2(g − r2) for r = 1, 2, . . . , 1
2
(p− 1) and s = 0, 1, . . . ,m, with
m =
1
2
(p− 3) + n− 2[1/(2n)] and [1/(2n)] = integral part of 1/(2n),
Φ15(2211)c =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α3, α4] = αp1 = β1, [α2, α4] = α−p4 = βg2 ,
αpi+1 = β
p
i = 1 (i = 1, 2)〉,
Φ15(2211)dr =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α3, α4] = αp1 = β1, [α2, α4] = βg2 ,
αp4 = β
κ
2 , α
p
i+1 = β
p
i = 1 (i = 1, 2)〉, where κ = gr for r = 1, 2, . . . ,
1
2
(p− 1),
Φ15(21
4) =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α3, α4] = αp1 = β1, [α2, α4] = βg2 ,
αpi+1 = α
p
4 = β
p
i = 1 (i = 1, 2)〉,
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Φ15(1
6) =〈α1, . . . , α4, β1, β2 : [α1, αi+1] = βi, [α3, α4] = β1, [α2, α4] = βg2 ,
αpi = α
p
3 = α
p
4 = β
p
i = 1 (i = 1, 2)〉.
Finally, the groups of order p6 having quotient (Cp2)
2 (obtained by factoring out a central
cyclic group of order p2) are precisely the groups from family (14).
(14)
Φ14(42) =〈α1, α2, β : [α1, α2] = β, αp
2
1 = β, α
p2
2 = β
p2 = 1〉,
Φ14(321) =〈α1, α2, β : [α1, α2] = β, αp
2
1 = β
p, αp
2
2 = β
p2 = 1〉,
Φ14(222) =〈α1, α2, β : [α1, α2] = β, αp
2
1 = α
p2
2 = β
p2 = 1〉.
4. Results and sample proofs
Our results are displayed in Tables 1, . . . , 6, which give necessary and sufficient conditions
for the realizability of a group over a field k. The tables are organized by the criteria that
we use for solving the embedding problems – Theorem 2.5, Theorem 2.7 and Theorem 2.8.
In each table, the first column indicates the group, according to the presentations given in
Section 3. The second column gives labels for the elements of k× that are required to be
independent (mod k×p). The third column indicates the assumption that certain root of
unity is in k. Note that this is not a necessary condition in general, but we need these roots
of unity so that we can apply Theorem 2.5. The fourth column gives the obstructions to the
realizability of these groups, i.e., the p-cyclic algebras required to be trivial in the Brauer
group Br(k).
We give detailed proofs for two representative groups. Proofs for the other groups follow
the same general outline. The first group is representative for the groups of orders p5 and p6
from families (2) and (5).
Theorem 4.1. Let k be a field of characteristic not p containing a primitive p3-th root of
unity ζp3. The group Φ2(41) is realizable as a Galois group over k if and only if there exist
elements a1, a2 ∈ k× independent (mod k×p) such that (ζ−1p3 a1, a2; ζ) = 1 ∈ Br(k).
Proof. Since ζp3 ∈ k, the group Cp×Cp3 is realizable over k if and only if there exist elements
a1, a2 ∈ k× independent (mod k×p). Then K/k = k( p√a1, p3√a2)/k is a Cp × Cp3 extension,
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and we may consider the embedding problem (K/k,Φ2(41), µp) related to the group extension
1 −→ 〈α2〉 ∼= µp −→ Φ2(41) −→α7→σ2
α1 7→σ1
Cp ×Cp3 −→ 1,
where Cp × Cp3 = 〈σ1〉 × 〈σ2〉, according to the notation of Theorem 2.5. Let s1 = α1
and s2 = α in Φ2(41). Note that t = 2, n1 = 1, n2 = 3,m1 = 0,m2 = 1, r = 2, n = 3
and d21 = 1. Therefore, the obstruction to the embedding problem (K/k,Φ2(41), µp) is
(a1, a2; ζ)(a2, ζp3 ; ζ) = (ζ
−1
p3
a1, a2; ζ) ∈ Br(k). 
The second group is representative for all pullbacks of orders p5 and p6 that have an abelian
quotient.
Theorem 4.2. Let k be a field of characteristic not p containing a primitive p-th root of unity
ζ. The group Φ4(221)a is realizable as a Galois group over k if and only if there exist elements
a1, a2, a3 ∈ k× independent (mod k×p) such that (ζ−1a2, a3; ζ) = (a1, ζa3; ζ) = 1 ∈ Br(k).
Proof. Since ζ ∈ k, the group (Cp)3 is realizable over k if and only if there exist elements
a1, a2, a3 ∈ k× that are independent (mod k×p). Assume that such elements exist and let
K/k = k( p
√
a1, p
√
a2, p
√
a3)/k. Let σi, i = 1, 2, 3 be the generators of (Cp)
3 which act on K/k
according to the description given in Theorem 2.5.
Next, using the notation of Theorem 2.7 put Ni = 〈βi〉 for i = 1, 2. We have the group
extension
(4.1) 1 −→ N1N2 ∼= (µp)2 −→ Φ4(221)a −→
α1 7→ σ1
α2 7→ σ2
α 7→ σ3
(Cp)
3 −→ 1.
By Theorem 2.7, the embedding problem given by K/k and (4.1) is solvable if and only if
the embedding problems given by K/k and the group extensions
(4.2) 1 −→ N2 ∼= µp −→ Φ4(221)a/N1 −→
α1 7→ σ1
α2 7→ σ2
α 7→ σ3
(Cp)
3 −→ 1
and
(4.3) 1 −→ N1 ∼= µp −→ Φ4(221)a/N2 −→
α1 7→ σ1
α2 7→ σ2
α 7→ σ3
(Cp)
3 −→ 1
are solvable. In the notation of Theorem 2.5, let s1 = α1, s2 = α2 and s3 = α. Note that for
(4.2) we have t = 3, r = 3,m3 = 1, d32 = 1, so the obstruction is (a2, a3; ζ)(a3, ζ; ζ) =
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(ζ−1a2, a3; ζ). For (4.3) we have t = 3, r = 1,m1 = 1, d31 = 1, so the obstruction is
(a1, a3; ζ)(a1, ζ; ζ) = (a1, ζa3; ζ). We are done. 
For the three groups of order p6 that have quotient (Cp2)
2 obtained by factoring out µp2 ,
we have only to modify the proof of Theorem 4.1, so that we apply Theorem 2.8 instead of
Theorem 2.5. Note that the kernel 〈[α1, α2]〉 is contained in the Frattini subgroup Φ(G) =
[G,G] ·Gp, so the obstructions are again in terms of proper solvability.
Standing notations. For the groups of orders p5 and p6 from family (2) we put s3 = γ
(where appears the generator γ). For the groups of order p6 from family (12) we put s1 =
α1, s2 = α2, s3 = β1, s4 = β2. In general, if Cps is a direct factor of a given abelian quotient
we suppose that k contains a primitive ps-th root of unity so that Cps is always realizable. On
some occasions, however, we can lessen the condition for the roots of unity and suppose only
that a primitive ps−1-th root of unity is contained in k. In this case, we have to require that
Cps is realizable over k. That is why in the tables sometimes appears additional obstructions
of the kind (∗, ζps−1 ; ζ).
Table 1. Groups of order p5 with abelian quotients
Group |k×/k×p| Root of unity Trivial elements in Br(k)
Φ2(41) a1, a2 ζp3 ∈ k (ζ−1p3 a1, a2; ζ)
Φ2(32)a1 a1, a2 ζp2 ∈ k (ζ−1p2 a1, a2; ζ)
Φ2(32)a2 a1, a2 ζp2 ∈ k (a2, ζp2 ; ζ), (a1, a2; ζ)
Φ2(311)b a1, a2, a3 ζp2 ∈ k (a1, a2; ζ)(a3, ζp2 ; ζ)
Φ2(311)c a1, a2 ζp2 ∈ k (a2, ζp2 ; ζ), (a1, a2; ζ)
Φ2(221)c a1, a2, a3 ζ ∈ k (a2, ζ; ζ), (a1, a2; ζ)(a3, ζ; ζ)
Φ2(221)d a1, a2 ζ ∈ k (a1, ζ; ζ), (a2, ζ; ζ), (a1, a2; ζ)
Φ5(2111) a1, a2, a3, a4 ζ ∈ k (a1, ζa2; ζ)(a3, a4; ζ)
Φ5(1
5) a1, a2, a3, a4 ζ ∈ k (a1, a2; ζ)(a3, a4; ζ)
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Table 2. Pullbacks of order p5 with abelian quotients
Group |k×/k×p| Root of unity Trivial elements in Br(k)
Φ4(221)a a1, a2, a3 ζ ∈ k (ζ−1a2, a3; ζ), (a1, ζa3; ζ)
Φ4(221)b a1, a2, a3 ζ ∈ k (ζ−1a2, a3; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ4(221)c a1, a2, a3 ζ ∈ k (a2, ζa3; ζ), (a1, ζa3; ζ)
Φ4(221)dr a1, a2, a3 ζ ∈ k (a2, ζa3; ζ), (a1, ζκa3; ζ)
Φ4(221)e a1, a2, a3 ζ ∈ k (a2, ζa3; ζ)(a1, ζ−1/4; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ4(221)f0 a1, a2, a3 ζ ∈ k (a2, a3; ζ)(a1, ζ; ζ), (a1, a3; ζ)(a2, ζν ; ζ)
Φ4(221)fr a1, a2, a3 ζ ∈ k (a2, ζa3; ζ)(a1, ζκ; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ4(2111)a a1, a2, a3 ζ ∈ k (ζ−1a2, a3; ζ), (a1, a3; ζ)
Φ4(2111)b a1, a2, a3 ζ ∈ k (a2, a3; ζ), (a1, ζa3; ζ)
Φ4(2111)c a1, a2, a3 ζ ∈ k (a2, a3; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ4(1
5) a1, a2, a3 ζ ∈ k (a2, a3; ζ), (a1, a3; ζ)
Table 3. Groups of order p6 with abelian quotients
Group |k×/k×p| Root of unity Trivial elements in Br(k)
Φ2(51) a1, a2 ζp4 ∈ k (ζ−1p4 a1, a2; ζ)
Φ2(42)a1 a1, a2 ζp3 ∈ k (ζ−1p3 a1, a2; ζ)
Φ2(42)a2 a1, a2 ζp3 ∈ k (a2, ζp3 ; ζ), (a1, a2; ζ)
Φ2(411)b a1, a2, a3 ζp3 ∈ k (a1, a2; ζ)(a3, ζp3 ; ζ)
Φ2(411)c a1, a2 ζp3 ∈ k (a2, ζp3 ; ζ), (a1, a2; ζ)
Φ2(33) a1, a2 ζp2 ∈ k (a1, ζp2 ; ζ), (ζ−1p2 a1, a2; ζ)
Φ2(321)c a1, a2, a3 ζp2 ∈ k (a2, ζp2 ; ζ), (a1, a2; ζ)
Φ2(321)d a1, a2, a3 ζp2 ∈ k (a1, a2; ζ)(a3, ζp2 ; ζ)
Φ2(321)f a1, a2 ζp2 ∈ k (a2, ζp2 ; ζ), (a1, a2; ζ)
Φ2(222)b a1, a2, a3 ζ ∈ k (a1, ζ; ζ), (a2, ζ; ζ), (a1, a2; ζ)(a3, ζ; ζ)
Φ5(3111) a1, a2, a3, a4 ζp2 ∈ k (a1, ζp2a2; ζ)(a3, a4; ζ)
Φ5(2211)a a1, a2, a3, a4 ζ ∈ k (a1, ζ; ζ), (ζ−1a1, a2; ζ)(a3, a4; ζ)
Φ5(2211)b a1, a2, a3, a4 ζ ∈ k (a1, ζ; ζ), (a1, a2; ζ)(a3, ζa4; ζ)
Φ5(21
4)b a1, a2, a3, a4, a5 ζ ∈ k (a1, a2; ζ)(a3, a4; ζ)(a5, ζ; ζ)
Φ5(21
4)c a1, a2, a3, a4 ζ ∈ k (a1, ζ; ζ), (a1, a2; ζ)(a3, a4; ζ)
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Table 4. Pullbacks of order p6 with abelian quotients: Part I
Group |k×/k×p| Root of unity Trivial elements in Br(k)
Φ4(321)a a1, a2, a3 ζp2 ∈ k (a2, a3; ζ), (ζ−1p2 a1, a3; ζ)
Φ4(321)b a1, a2, a3 ζp2 ∈ k (a2, a3; ζ), (ζ−1p2 a1, a3; ζ)
Φ4(321)c a1, a2, a3 ζp2 ∈ k (a2, a3; ζ), (a1, a3; ζ)(a2, ζp2 ; ζ)
Φ4(321)d a1, a2, a3 ζp2 ∈ k (a2, a3; ζ), (a1, ζp2a3; ζ)
Φ4(321)er a1, a2, a3 ζp2 ∈ k (a2, a3; ζ), (a1, ζp2a3; ζ)
Φ4(321)fr a1, a2, a3 ζp2 ∈ k (a2, a3; ζ), (a1, a3; ζ)(a2, ζp2 ; ζ)
Φ4(3111)a a1, a2, a3 ζp2 ∈ k (a2, a3; ζ), (ζ−1p2 a1, a3; ζ)
Φ4(3111)b a1, a2, a3 ζp2 ∈ k (a2, a3; ζ), (a1, ζp2a3; ζ)
Φ4(3111)c a1, a2, a3 ζp2 ∈ k (a2, a3; ζ), (a1, a3; ζ)(a2, ζp2 ; ζ)
Φ4(222)a a1, a2, a3 ζ ∈ k (a3, ζ; ζ), (a2, ζa3; ζ), (a1, ζa3; ζ)
Φ4(222)br a1, a2, a3 ζ ∈ k (a3, ζ; ζ), (a2, ζa3; ζ), (a1, ζκa3; ζ)
Φ4(222)c a1, a2, a3 ζ ∈ k (a1, ζ; ζ), (a2, ζa3; ζ), (ζ−1a1, a3; ζ)
Φ4(222)d1 a1, a2, a3 ζ ∈ k (a3, ζ; ζ), (a2, ζa3; ζ)(a1, ζ−1/4; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ4(222)d2 a1, a2, a3 ζ ∈ k (a1, ζ; ζ), (ζ−1a2, a3; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ4(222)e0 a1, a2, a3 ζ ∈ k (a3, ζ; ζ), (a2, a3; ζ)(a1, ζ; ζ), (a1, a3; ζ)(a2, ζν ; ζ)
Φ4(222)er a1, a2, a3 ζ ∈ k (a3, ζ; ζ), (a2, ζa3; ζ)(a1, ζκ; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ4(2211)g a1, a2, a3, a4 ζ ∈ k (a2, a3; ζ)(a4, ζ; ζ), (ζ−1a1, a3; ζ)
Φ4(2211)h a1, a2, a3, a4 ζ ∈ k (a2, a3; ζ)(a4, ζ; ζ), (a1, ζa3; ζ)
Φ4(2211)i a1, a2, a3, a4 ζ ∈ k (a2, a3; ζ)(a4, ζ; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ4(2211)j1 a1, a2, a3 ζ ∈ k (a3, ζ; ζ), (a2, a3; ζ), (a1, ζa3; ζ)
Φ4(2211)j2 a1, a2, a3 ζ ∈ k (a1, ζ; ζ), (a2, a3; ζ), (ζ−1a1, a3; ζ)
Φ4(2211)k a1, a2, a3 ζ ∈ k (a1, ζ; ζ), (ζ−1a2, a3; ζ), (a1, a3; ζ)
Φ4(2211)l a1, a2, a3 ζ ∈ k (a3, ζ; ζ), (a2, a3; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ4(2211)m a1, a2, a3 ζ ∈ k (a1, ζ; ζ), (a2, ζa3; ζ), (a1, a3; ζ)
Φ4(2211)n a1, a2, a3 ζ ∈ k (a1, ζ; ζ), (a2, a3; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ4(21
4)d a1, a2, a3, a4 ζ ∈ k (a2, a3; ζ), (a1, a3; ζ)(a4, ζ; ζ)
Φ4(21
4)e a1, a2, a3 ζ ∈ k (a3, ζ; ζ), (a2, a3; ζ), (a1, a3; ζ)
Φ4(21
4)f a1, a2, a3 ζ ∈ k (a1, ζ; ζ), (a2, a3; ζ), (a1, a3; ζ)
Φ12(2211)a a1, a2, a3, a4 ζ ∈ k (a2, a4; ζ)(a3, ζ; ζ), (a1, ζa3; ζ)
Φ12(2211)c a1, a2, a3, a4 ζ ∈ k (a2, ζa4; ζ)(a1, ζ; ζ), (a1, ζa3; ζ)
Φ12(2211)d a1, a2, a3, a4 ζ ∈ k (a2, a4; ζ)(a1, ζ; ζ), (a1, a3; ζ)(a2, ζ; ζ)
Φ12(2211)e a1, a2, a3, a4 ζ ∈ k (a2, a4; ζ)(a1, ζ; ζ), (a1, ζa3; ζ)(a2, ζ; ζ)
Φ12(2211)f a1, a2, a3, a4 ζ ∈ k (a2, a4; ζ)(a3, ζ; ζ), (a1, ζa3; ζ)(a2, ζ; ζ)
Φ12(2211)g a1, a2, a3, a4 ζ ∈ k (a2, ζa4; ζ)(a3, ζ; ζ), (a1, ζa3; ζ)
Φ12(2211)h a1, a2, a3, a4 ζ ∈ k (a2, ζa4; ζ)(a3, ζ; ζ), (a1, ζa3; ζ)(a4, ζ; ζ)
Φ12(2211)i a1, a2, a3, a4 ζ ∈ k (a2, ζa4; ζ)(a3, ζ; ζ), (a1, ζa3; ζ)(a2, ζ; ζ)
Φ12(21
4)b a1, a2, a3, a4 ζ ∈ k (a2, a4; ζ)(a1, ζ; ζ), (a1, ζa3; ζ)
Φ12(21
4)c a1, a2, a3, a4 ζ ∈ k (a2, a4; ζ)(a1, ζ; ζ), (a1, a3; ζ)
Φ12(21
4)d a1, a2, a3, a4 ζ ∈ k (a2, a4; ζ), (a1, ζa3; ζ)(a2, ζ; ζ)
Φ12(21
4)e a1, a2, a3, a4 ζ ∈ k (a2, ζa4; ζ)(a1, ζ; ζ), (a1, ζa3; ζ)(a2, ζ; ζ)
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Table 5. Pullbacks of order p6 with abelian quotients: Part II
Group |k×/k×p| Root of unity Trivial elements in Br(k)
Φ13(2211)a a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(a2, ζa4; ζ), (a1, ζa2; ζ)
Φ13(2211)b a1, a2, a3, a4 ζ ∈ k (ζ−1a1, a3; ζ)(a2, a4; ζ), (a1, ζa2; ζ)
Φ13(2211)cr a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(a2, ζra4; ζ), (a1, a2; ζ)(a3, ζ; ζ)
Φ13(2211)d a1, a2, a3, a4 ζ ∈ k (a1, ζa3; ζ)(a2, a4; ζ), (a1, a2; ζ)(a3, ζ; ζ)
Φ13(2211)er a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(ζ−ra2, a4; ζ), (a1, ζa2; ζ)
Φ13(2211)f a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(ζ−1a2, a4; ζ), (a1, a2; ζ)(a3, ζ; ζ)
Φ13(21
4)a a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(a2, a4; ζ), (a1, ζa2; ζ)
Φ13(21
4)b a1, a2, a3, a4 ζ ∈ k (a1, ζa3; ζ)(a2, a4; ζ), (a1, a2; ζ)
Φ13(21
4)c a1, a2, a3, a4 ζ ∈ k (ζ−1a1, a3; ζ)(a2, a4; ζ), (a1, a2; ζ)
Φ13(21
4)d a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(a2, a4; ζ), (a1, a2; ζ)(a3, ζ; ζ)
Φ13(1
6) a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(a2, a4; ζ), (a1, a2; ζ)
Φ15(2211)a a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(a2, ζag4; ζ), (a1, ζa2; ζ)(a3, a4; ζ)
Φ15(2211)br,s a1, a2, a3, a4 ζ ∈ k (a1, ζra3; ζ)(a2, ζκag4; ζ), (a1, ζa2; ζ)(a3, a4; ζ)
Φ15(2211)c a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(ζgag2, a4; ζ), (a1, ζa2; ζ)(a3, a4; ζ)
Φ15(2211)dr a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(ζ−κag2, a4; ζ), (a1, ζa2; ζ)(a3, a4; ζ)
Φ15(21
4) a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(ag2, a4; ζ), (a1, ζa2; ζ)(a3, a4; ζ)
Φ15(1
6) a1, a2, a3, a4 ζ ∈ k (a1, a3; ζ)(ag2, a4; ζ), (a1, a2; ζ)(a3, a4; ζ)
Table 6. Groups of order p6 with quotient (Cp2)
2 obtained by factoring out µp2
Group |k×/k×p| Root of unity Trivial elements in Br(k)
Φ14(42) a1, a2 ζp2 ∈ k (a1, ζp2a2; ζp2)
Φ14(321) a1, a2 ζp2 ∈ k (a1, ζa2; ζp2)
Φ14(222) a1, a2 ζp2 ∈ k (a1, a2; ζp2)
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